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Objectives: • Study signals supported by arbitrary discrete structures rather than Euclidean structures.
• Define a mathematical model for stochastic graph signals with a good spectral interpretation.

Graph Signal Processing [1, 7]

Basic definitions and results of the field.

Graphs and Signals

Graph Vertices Edges Edge weights Signal Sample

G = (V ,E,w)
x : V → R or C

i 7−→xi
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Figure 1: Geographical graph with weather data. Weights are chosen as a Gaussian
kernel of the distance between stations.

Algebraic Representations of G

Adjacency mat.: Aij =

{
w(ij) if ij ∈ E
0 o.w.

Laplacian mat.: Lij =

{∑
j w(ij) if i = j

−wij o.w.

Graph Fourier Transform

Leverage the positive semi-definite property of L to define graph Fourier modes and
graph frequencies νl = π

√
λl
ρG

:
Lχl = λlχl
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Figure 2: Several Fourier modes of the graph of Figure 1(a).

Definition 1 (Graph Fourier Transform).

x̂(l) = 〈x, χl〉 =
∑
i∈V

xiχ
∗
l (i) xi =

∑
l

x̂(l)χl(i)

Filtering

A convolutive operator H verifies the Convolution theorem:

Hχl = ĥ(l)χl and Ĥ = diag(ĥ(0), ĥ(1), . . . , ĥ(N − 1))

such that Ĥx = Ĥx̂.
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Figure 3: Example of graph signal filtering.

Stationary Graph Signals [1]

Question: Model for Stochastic graph signals?

Formal Definition [2]

Statistical Invariance through the Graph Translation operator [3].

Definition 2 (Stationarity). Strict: x d
= TGx, Wide:

{
E[x] =: µx = µTGx

E[xx∗] =: Rx = RTGx

Graph Translation [3]

Defined by analogy with the Time Shift as a phase shift operator on the Fourier compo-
nents:

T̂Gχl = e−νlχl such that TG = exp

(
−π

√
L

ρG

)

Interpretation as a diffusion operator: Spatially bounded impulse response [4].

WSS Spectral Characterization [2]{
µ̂x = |µ̂x(0)|δ
Sx := E[x̂x̂∗] diagonal

in other words:

{
µx is a DC signal
Fourier components are uncorrelated

Stationarity of Temperature Increments [5]

Underlying question: Can we consider temperature increments at given time instants
as realizations of a stationary graph signal?

−0.01

0.00

0.01

(a) µ

0.0

0.5

1.0

(b) R

0.0

0.8

1.5

(c) S

0 0.1 0.2 0.3 0.4
0.1

1

10

νl

Simple
EPFL
USC

(d) PSD
Figure 4: Stationarity assessment of temperature increments.

With a simple estimator of the PSD [2], the EPFL estimator [6], and our estimator [5]

Local Stationarity [5]

Using a wavelet decomposition on
graphs to obtain a local notion of
PSD, with frequencies replaced by
scales.

Objective: Define a notion of local
stationarity and find local interpre-
tations of (global) non-stationarity.
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Figure 5: Local PSD of the temp. incr. (dB).

Conclusion: • Sound definition of stationary graph signals with a good spectral interpretation.
• Evidence of stationarity within a weather dataset.
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Signals and Graphs processed using the GraSP toolbox (http://gforge.inria.fr/projects/grasp)


